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Natural convection flow in a cubical enclosure with a heated strip is solved numerically using the finite element

method. The heated strip simulates an array of electronic chips. The heated strip is attached to the front wall and

maintained at high temperature, and the entire opposite wall is maintained at low temperature. The Rayleigh

numbers of 104, 105, and 106 are considered in the analysis and the heated strip is either vertically or horizontally

attached to thewall. The results indicate that the heat transfer strongly depends on the orientation and position of the

heated strip. The maximum Nusselt number for the horizontal heated-strip configuration can be achieved if the

heater is placed at the lower half of the wall, whereas for the vertical heated-strip case, the maximumNusselt occurs

when the heated strip is placed in themiddle of the wall. Increasing the Rayleigh number significantly increases heat

transfer in the enclosure for the examined case studies.

Nomenclature

a = width of the heated strip, m
Cp = specific heat, kJ=kg-K
g = gravity acceleration, m=s2

hs = distance from the center of the heated strip to the
base wall, m

hv = distance from the center of the heated strip to the left
wall, m

k = thermal conductivity, W=m-K
L = side length of cubical cavity, m
Nu = Nusselt number
P = pressures, N=m2

Pr = Prandtl number
Ra = Rayleigh number
T = temperature, K
U, u = dimensionless and dimensional x-velocity

component, m=s
V, v = dimensionless and dimensional y-velocity

component, m=s
W, w = dimensionless and dimensional z-velocity

component, m=s
� = thermal expansion, 1/K
� = dimensionless temperature
� = viscosity, N-s=m2

� = kinematic viscosity, m2=s
� = density, kg=m3

� = general field variable

Subscripts

H = hot
i = iteration number
L = cold
m = mean

Superscripts

n = node number
� = dimensionless quantity

I. Introduction

T HE analysis of the natural convection flow in rectangular air-
filled enclosures has expanded recently in the literature due to

the important field of applications in thermal management of
electronic devices. For cooling chips in cabinets, an array of chips is
attached to one of the walls and generates a substantial amount of
heat [1,2]. Experimental and numerical analyses of natural
convection flow in enclosures have been discussed in great detail in
the literature. Numerical simulations of heat transfer in a three-
dimensional enclosure with three heaters located at various positions
were presented by Chuang et al. [3], and the effect of inclination of
the enclosure on the heat transfer was investigated by Tou and Zhang
[4]. A cubical enclosure with a square heat source attached to one of
vertical walls and cooled by the adjacent walls was studied by
Frederick and Berbakow [5]. Their result shows a transition from a
conduction- to convection-dominated heat transfer at a Rayleigh
number of 105, leading to a sharp increase in the overall Nusselt
number. A cubical enclosure with a diamond orientation was
investigated experimentally by Mamun et al. [6]. The aim of their
work was to provide experimental data for computational fluid
dynamics (CFD) validation. A cubical enclosure with fins to increase
heat transfer was investigated numerically by Frederick and Moraga
[7] for Rayleigh numbers of 103 to 106. Natural convection in a
differentially heated cubical enclosure was simulated using the
velocity-vorticity form of the Navier–Stokes equations by Lo et al.
[8]. They also studied the effect of the inclination of the enclosure in
another paper [9]. Natural convection in two-dimensional spaceswas
also extensively addressed in literature. Natural convection in a
rectangular enclosure heated locally from below was accomplished
by Sarris et al. [10]. Their results indicated that the position of the
heated strip played an important role in the flow, temperature
distribution, and thermal penetration, and the effect of the orientation
of the enclosure was studied by Jin et al. [11].

Typically, arrays of electronic chips are cooled by natural
convection flow [12], especially for low-power applications.
Therefore, determining the optimum location for the array is
essential for maximizing the heat flow from the chips. The present
work studies the natural convectionflow in a cubical enclosurewith a
heated strip attached to one of the vertical walls. The aim of the study
is to determine the location for the strip that maximizes the heat
transfer. The heated strip simulates an array of electronic chips with
finite thickness. The thickness of the chips is negligible compared
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with the size of the electronic device. Additionally, the chips in the
array are positioned closely to one another on a board [13]. Hence,
considering an array of chips as a strip should be a reasonable
approximation. The Rayleigh numbers of 104, 105, and 106 are
considered in the analysis and the heated strip is attached either
horizontally or vertically to the enclosure in different locations. The
width of the heated strip is also studied as a design parameter.

II. Formulation

The geometries considered in the present work are depicted in
Fig. 1. A cubical enclosure of sides L contains air, Pr� 0:71. The
heated strip is attached, either horizontally or vertically, to the front
wall at z� 0. The width of the heated strip is a. The heated strip is
maintained at a uniform high temperature of TH, and the opposite
wall, at z� L, is maintained at a uniform low temperature of TL. All
other walls are well insulated. The Rayleigh numbers, ranging from
104 to 106, are selected to maintain laminar flow [3]. For the case of
the horizontal heated strip, the location is varied, ranging from the
bottom to top wall, whereas for the vertical heated-strip case, the
location is varied from the left to the right wall. Based upon the
characteristic scales of L, �=L, ���=L�2, and TH � TL and the mean
temperature Tm � �TH � TL�=2, the dimensionless variables are
defined as follows:

X � x=L Y � y=L Z� z=L U� u=��=L�
V � v=��=L� W � w=��=L�

P� � �P� �gy�=����=L�2� �� �T � Tm�=�TH � TL�
(1)

The geometrical parameters are normalized based on the side length
of the cubical cavity (L). The side length of the cubical enclosure is
equal to one, and the width of the heated strip is equal to a�, where
a� � a=L. The dimensionless groups relevant to this study are the
Rayleigh, Nusselt, and Prandtl numbers, and they are defined,
respectively, as

Ra� g��TH � TL�L
3

�2
Pr Nu� hL

k
Pr� �CP

k
(2)

It is assumed that the viscous dissipation and radiation effects are
negligible and the Bussinesq assumption is valid. The governing
equations of continuity (3), momentum (4–6), and energy (7) for
steady-state, laminar, incompressible flow are as follows:
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Because of the elliptic nature of the governing equations, the
boundary conditions along the entire domainmust be specified for all
field variables. The no-slip boundary condition is imposed at the
walls of the enclosure. The boundary conditions are as follows:

U� V �W � 0 and @�=@X� 0 at X � 0

0 � Y � 1 0 � Z � 1
(8a)

U� V �W � 0 and @�=@X� 0 at X� 1

0 � Y � 1 0 � Z � 1
(8b)

U� V �W � 0 and @�=@Y � 0 at Y � 0

0 � X � 1 0 � Z � 1
(8c)

U� V �W � 0 and @�=@Y � 0 at Y � 1

0 � X � 1 0 � Z � 1
(8d)

For the heated strip,

U� V �W � 0 and �� 0:5 at Z� 0

0 � X � 1 0 � Y � 1
(8e)

and elsewhere in the wall, @�=@Z� 0.

U� V �W � 0 ���0:5 at Z� 1

0 � X � 1 0 � Y � 1
(8f)

III. Numerical Method

The dimensionless governing equations combined with the
boundary conditions are solved using the finite element method.
Brick elements with eight nodes were used to discretized the
computational domain. The tridiagonal matrix algorithm iterative
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Fig. 1 The cubical enclosure with a) horizontal and b) vertical heated

strips.
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solver [14] was used to solve a set of discretized equations for the
three velocity components, and the preconditional generalized
minimum residual solver [15] was employed to solve set of
discretized equations for pressure and temperature. The advection
terms in the momentum and energy equations were formulated by
using the streamline upwind Petrov–Galerkin approach [16].
Nithiarasu [17] developed an efficient adaptive mesh regeneration
technique for natural convection flow problems, and the listed
meshing guidelines were used in the present research.

The relaxation factor of 0.5 was specified for all field variables.
The selected solvers and advection formulation with adjacent
relaxation factors stabilize the solution toward the convergence. The
iterative solver was run until the sum of changes of a field variable
calculated from the result between the current iteration and the
previous iteration divided by the sum of the current values reached a
specific value: "� 10�6. The convergence criterion has the
following form:

1�P
N
n�1 ’

i
n

�
����������������������������������XN
n�1

�
’in � ’i�1n

�
2

vuut � " (9)

where the superscript i refers to the iteration number, the subscripts n
are the node number,� is afield variable, andN is themaximumnode
number. Decreasing the value of " below the specified value does not
cause significant changes in the result. The three velocity
components, pressure, and temperature were calculated. All
calculationswere carried out using the Intel Xion 3.8-MHz processor
workstation, and each simulation took 18.5 h.

Published experimental or numerical data are not available for
three-dimensional enclosures with a heated strip similar to that
undertaken in the present study. Therefore, a direct validation could
not be performed. However, Lo et al. [8] numerically studied a
natural convection flow in a cubical enclosure with constant-
temperature boundary conditions. In their work, the quadratic
differential method is used to solve the problem, and one of the entire
vertical walls is maintained at high temperature and the opposite wall
is maintained at low temperature. The Lo et al. [8] work is used to
ensure that the presented numerical results are accurate enough for
engineering applications. For themesh-sensitivity study, the average
Nusselt number is calculated for Ra� 104, 105, and 106 using three
different mesh sizes: 203, 253, and 303. This test is performed to
ensure that themesh size has no effect upon thefinal solution. Table 1
shows a comparison between the values of the average Nusselt
number obtained using the present finite element code with three
mesh sizes and those of Lo et al. The comparison indicates that the
results of the present model with a mesh size of 253 are in excellent
agreement with those of [8]. Therefore, the mesh size of 253 is
adopted for the present numerical study.

IV. Results and Discussion

In the present problem, the Nusselt number depends on the
Rayleigh number and the position of the heated strip. The heated strip
is maintained at �H � 0:5, and the opposite wall is maintained at
�L ��0:5. In the first strip configuration, the heated strip is attached
horizontally to the front wall at Z� 0, and the elevation is varied
from the bottom to the top wall, h�s � 0:1 � 0:9, where h�s � hs=L.
In the second strip configuration, the heated strip is attached
vertically to the front wall at Z� 0, and the location is varied from
the left to the right wall, h�v � 0:1 � 0:9, where h�v � hv=L. The

range of examined Rayleigh numbers isRa� 104 to 106. Numerical
solutions are presented in the form of temperature contours, flow
streamlines, velocity profiles, and average Nusselt number. The
width of the heated strip a� is varied between 0.2 and 1.With a� � 1,
the entire front wall is heated.

A. Temperature Contours and Flow Streamlines

For a qualitative appreciation, temperature contours and flow
streamlines at the midplane perpendicular to the front wall are
presented for Ra� 105 and a� � 0:2. Figures 2a–2c show
temperature contours on the Y–Z plane at X� 0:5, and the heated
strip is located at h�s � 0:1, 0.5, and 0.9, respectively. At the region
close to the heated strip, air is raised by buoyancy forces. Themoving
air has enough momentum to overcome viscous forces at the upper
region of the enclosure, where it is forced downward by negative
buoyancy forces supplied by the cold wall. The maximum surface
temperature occurs at a region close to the heated strip, due to high
heat flow from the strip. Also, isotherms are very dense at the region
close to the heated strip, compared with the cold wall, showing that a
high amount of heat is being released in a small area. With a heated
strip located at h�s � 0:1, Fig. 2a indicates that the air bulk
temperature is higher than in the other cases, showing an effective air
heating. However, when the heated strip is elevated to h�s � 0:9
(Fig. 2c), the air bulk temperature is significantly decreased, and the
high air temperature is limited to the upper region of the enclosure.
For allh�s values, the bottomwall ismaintained at a temperature close
to the cold wall temperature, �L ��0:5, because of the cold air
flowing from the cold surface. On the other hand, the top wall is
maintained at a high temperature because of the hot air flowing from
the heated strip. It can be concluded from these figures that installing
heat-sensitive electronic components at the bottom wall of the
enclosure will be a safe location.

The characteristics of the natural convection flow can be well
understood by inspecting the velocity streamlines in the enclosure.
The natural convection flow serves an important role in transporting
the thermal energy from the heated strip to the coldwall, reducing the
thermal resistance in the enclosure and increasing heat transfer.
Figures 3a–3c show theflow streamlines on theY–Z plane atX� 0:5
for Ra� 105, a� � 0:2 and the heated strip located at h�s � 0:1, 0.5,
and 0.9, respectively. In general, these figures show that one
clockwise recirculation cell dominates the enclosure, and the
location of the center of the cell depends on the h�s .

As the heated strip is elevated, the effect of increased buoyancy
forces is felt on the flow streamlines. The horizontal and vertical
locations of the center of the cell are an indication of the strength of
the velocity component in the Y and Z directions, respectively. For
all h�s values, Fig. 3 indicates that the vertical location of the center of
the cell is nearly unaffected by h�s , showing that the Y-velocity
component is not varying significantly with h�s . On the other hand,
the horizontal location of the center of the cell is significantly affected
by h�s , showing that the Z-velocity component is varying
significantly with h�s . When h�s is increased from 0.1 to 0.5
(Figs. 3a and 3b), the center of the recirculation cell is shifted closer
to the heated strip, and streamlines become more dense at the region
close to the heated strip. When the distance between the streamlines
is small, the fluid particles are accelerating along the streamlines.
Therefore, the h�s is increased from 0.1 to 0.5, and the heat flow from
the strip is expected to increase due to the increased heating
buoyancy.When h�s is increased from 0.5 to 0.9 (Figs. 3b and 3c), the
center of the cell is moved away from the heated strip, showing that
the air velocity is reduced in the region close to the heated strip.

B. Effect of the Strip Location and Rayleigh Number on the Velocity
Profile

The effect of the position of the heater on the Rayleigh number can
be explained by studying the velocity profile in the enclosure.
Figure 4 shows the velocity profile along a path from �X; Y; Z� �
�0:5; 0:5; 0� to �X; Y; Z� � �0:5; 0:5; 1� for Ra� 105 and a� � 0:2.
The Y-velocity component is stronger than other velocity
components and represents the main fluid motion in the enclosure.

Table 1 Nusselt number for validation and mesh-independent-results

study

Present

Ra Lo et al. [8] 203 elements 253 elements 303 elements

104 2.251 2.234 2.241 2.241
105 4.610 4.512 4.591 4.595
106 8.910 8.931 8.910 8.910
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Air is heated in the region close to the heated strip andmoves upward
due to the buoyancy force andmoves downward in the region close to
the cold wall. As the flow approaches the top wall, Y � 1, the flow
begins to decelerate. On the other hand, in the region close to the cold
wall, the flow is downward. Because of the two opposite streams, the
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Fig. 2 Temperature contours on the Y–Z plane at X � 0:5 for

Ra� 105, a� � 0:2, and the heated strip located at a) h�s � 0:1,
b) h�s � 0:5, and c) h�s � 0:9.

Fig. 3 Velocity streamlines on the Y–Z plane at X � 0:5 for Ra� 105,

a� � 0:2, and the heated strip located at a) h�s � 0:1, b) h�s � 0:5, and
c) h�s � 0:9.
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fluid flow is nearly stagnant at the core of the enclosure, as shown in
Fig. 4. The vertical position of the heated strip has a noticeable effect
on the velocity profile. As the heated strip moves from its minimum
height, h�s � 0:1, the maximum upward velocity increases until it
reaches a maximum value at h�s � 0:3, and then it decreases until the
strip is close to the top wall, h�s � 0:9. When the heated strip is close
to the bottom wall, the moving air is unable to take the advantage of
the heated strip to gain momentum. Figure 5 shows the effect of the
Rayleigh on the velocity profile along a path from �X; Y; Z� �
�0:5; 0:5; 0� to �x; y; z� � �0:5; 0:5; 1�. The heated strip is located at
h�s � 0:3 and a� � 0:2, and the Rayleigh numbers are 104, 105, and
106. The peak of the Y-velocity component increases with the
increase in Rayleigh number due to intensified convection activities.
As the Rayleigh number increases, the buoyancy force in the
momentum equation increases, which in turn increases the flow
velocity. With Ra� 104, the velocity profile is almost horizontal,
and the heat transfer is therefore dominated by conduction mode of
heat transfer.

C. Average Nusselt Number Calculations

The overall Nusselt number is obtained by integrating the local
Nusselt number at the heated strip. For the horizontal and vertical

heated-strip cases, the average Nusselt numbers are, respectively:

Nu�
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where �m is the air average temperature. Figure 6 shows the effect of
the Rayleigh number on the average Nusselt number for a� � 0:2.
This figure indicates that for all Rayleigh number values, the average
Nusselt number increases from its initial position ath�s � 0:1 to reach
its maximum value and then it decreases again until h�s reaches 0.9.
Hence, this figure shows that there is an optimum location for the
heated strip. The maximum Nusselt number is h�s � 0:375 for
Ra� 104, h�s � 0:36 for Ra� 105, and h�s � 0:325 for Ra� 106.
With the optimum h�s , the thermal resistance in the enclosure is a
minimum, and the heat flow is therefore maximized. For Ra� 105,
changing the position of the heater from h�s � 0:1 to 0.36 increases
the Nusselt number by 28%. On the other hand, for Ra� 106,
changing the position of the heater from h�s � 0:1 to 0.325 increases
the Nusselt number by 15%. At a given h�s value, increasing the
Rayleigh number increases the averageNusselt number. TheNusselt
number grows very slowly with h�s at low values of Rayleigh
number, showing a predominantly conductive heat transfer regime.
Conversely, for high values of Rayleigh number, the Nusselt number
increasesmarkedlywithh�s , showing a strong influence of the natural
convection flow. For example, for h�s � 0:3, increasing the Rayleigh
number from 104 to 106 increases the Nusselt number by 211%. A
numerical correlation for the Nusselt number as a function of
Rayleigh number and h�s is presented in the following expression:

Nu� 2:302e�2:237h
�
s h�0:691s Ra0:255 (11)

Correlation (11) produces a maximum percentage error of 6.23%.
The average Nusselt number at the vertical heated strip is calculated
using Eq. (10b). Figure 7 shows the effect of Rayleigh number on
averageNusselt number for a� � 0:2, and the hv is varied from 0.1 to
0.9. A symmetric variation of Nusselt number is observed in the
figure, as expected. This figure indicates that the position of the
heated strip and Rayleigh number have a significant effect on the
Nusselt number.With an increase in Rayleigh number, the buoyancy
force increases resulting in strong natural convection inside the
enclosure. For all Rayleigh number values, the Nusselt number
increases as the symmetry plane is approached, and the maximum
value of the Nusselt number occurs at h�v � 0:5. For Ra� 105,
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changing the position of the strip from h�v � 0:1 to 0.5 increases the
Nusselt number by 16%.When the heated strip is at the center of the
wall, the air is able to expand and maximize its velocity, and the
adjacent vertical walls act as an obstacle for the natural convection
flow. For h�v � 0:5, increasing the Rayleigh number from 104 to 106

increases the Nusselt number by 176%. A numerical correlation for
the Nusselt number as a function of Rayleigh number and h�v is
presented in the following expression:

Nu� 1:086e�0:91h
�
� h�0:347� Ra0:231 (12)

Correlation (12) produces a maximum percentage error of 4.42%.
For other heated-strip widths, Table 2 shows the effect of the heated-
strip width on the average Nusselt number for the horizontal and
vertical configurations. For both configurations, the heated strip is
located at the middle of the wall, h�s � h�v � 0:5, and its width is
increased from a� � 0:2 to 0.6 and 1. For all examined cases,
increasing the magnitude of a� decreases the average Nusselt
number for all Rayleigh number values. Increasing the magnitude of
a� increases the surface area of the heated strip, which consequently
reduces the heat flux out of the heated strip. For a� � 1, the
horizontal and vertical configurations are the same, and the results
become close to those of [8].

D. Dimensional Example

To provide the reader with a better sense of scale of the present
problem, an example with dimensions is illustrated. Consider a
cubical enclosure with the following geometrical parameters:
L� 0:1 m, hs � 0:03 m, and a� 0:02 m. The temperatures of the
heated strip and the cold wall are 29.538 and 20�C, respectively. The
working fluid is air. With these inputs, the Rayleigh number is 106,
and the heat transfer coefficient is equal to 4:253 W=m-K. If the
heated-strip temperature is decreased to 20.953�C, the Rayleigh
number will be 105, and the heat transfer coefficient is equal to
2:422 W=m-K.

V. Conclusions

Natural convection flow in a cubical enclosure with a heated strip
is presented. The heated strip is attached to the front wall and
maintained at high temperature, and the entire opposite wall is
maintained at low temperature. The Rayleigh numbers, ranging from
104 to 106, are considered in the analysis, and the heated strip is either
vertically or horizontally attached to the enclosure at different
locations. The results indicate that the heat transfer strongly depends
on the position and orientation of the heated strip. The result shows
that there is an optimum location for the heated strip that maximizes
the heat transfer. For the horizontal heated strip, the optimum
location is found to be at the lower half of the wall. Changing the
elevation of the heated strip can increase theNusselt number by 28%.
For the vertical heated-strip case, the maximumNusselt occurs when
the heated strip is placed in the middle of the wall. Increasing the
Rayleigh number significantly increases heat transfer in the
enclosure for the examined case studies. Increasing the magnitude of
heated-strip width decreases the average Nusselt number for all
Rayleigh number values.
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